Fermat's problem and Goldbach's problem over MnZ  by Hourong, Qin
NORI'It. ~ 
Fermat's Problem and Goldbach's Problem Over Mn7/ 
Qin Hourong 
Department of Mathematics 
Nanjing University 
Nanjing 210008, P. R. China 
Submitted by Richard A. Brualdi 
ABSTRACT 
The author shows that (1) for any m ~ 77, the equation x m + y,n = z m has a 
solution in SL277 if and only if m is not divisible by 3 or 4; (2) for any A E M,2~ and 
any integer p, there are x, y EM,7_ such that x+y =A and detx=( -1) " "  
det y = p; (3) for any A ~ Mn2~ and any integer p, if n >/3 is odd, then there are x, 
y, z~M77suchthat  x +y  +z  =A anddetx=dety  = detz =p.  
1. INTRODUCTION 
Fermat's problem and Goldbach's problem are very famous in number 
theory. It is interesting to observe what happens with the two problems when 
one passes from the ring 7/to the ring M,2~ of all integral n × n matrices. 
The following results are proved in [2]: 
(A) Given any integer m, the equation x m + y,, = Z m has a solution x, 
y, z in GL J / i f  and only if m is not divisible by 6 or 4. 
Vaserstein [2] proposes the following open problem: How about solutions 
of this equation in SL27/? 
(B) Given any integer p and any matrix A in M27/, there are x, y in 
M 2 77 such that x+y =Aanddetx=dety=p.  
Vaserstein [2] proposes another open problem: How about the analogous 
question for M32~? 
In this paper, we give complete answers to the above two open problems. 
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2. SOLUTIONS OF  x"  + y'" = z"  IN SL,22v 
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T~IEOnEM 1. Let  m ~ 7/. Then  the equat ion  x m + y"  = z m has a solu-  
t ion in SL27/ i f  and only  i f  m is not  d iv is ib le by  3 or  4. 
Proof .  First, we show that if m ~ l is not divisible by 3 or 4, then the 
equation x'" + ym = z'"  has a solution in SL2Y. 
Suppose m = 1 (mod 2). We take 
x=( 0 (11 0) 
Note that x 3 = 1,2, y3 = 1,2, z,2 = 12; x+y =z ;  x 2 +y2 =z .  
I f  m --- 1 (mod 3), then x'n = x, y"  = y, z "  = z. So the result follows 
from x + y = z. 
I f  m = 2 (rood 3), then x'" = x 2, y"  = y2, z" '  = z. Hence, x 2 + y2 = z 
yields the desired result. 
Now suppose m = 0 (mod 2). We take 
It is immediately verified that x 6 = y6 = z 4 = 12 , x 4 + y4 = z 2, x 2 + y2 = 
7~ 2 . 
I fm =4(mod6) , then  x"  = x 4, y'" = y 4 z" '  =z2; i fm =2(mod6) ,  
then x m = X 2, y m = y2, Z "~ = Z 2 (since 4 + m). Clearly, in both cases, the 
equation x m + y m = Z" has a solution. 
On the other hand, if 4 Ira, then by [2], we see that the equation 
x m + ym = Z"  has no solutions in GL,27/and hence no solutions in SL27/. 
Finally, we show that if 3 Ira, then the equation x"  + y "~ = z " has no 
solutions in SL277. Obviously, it is enough to show that the equation x 3 + 
y3 = z 3 has no solutions in SL27/. We divide all elements of  SL,27//32v 
into the following four classes: 
(I) Of  the forms 
0 or e 6 or 0 ' where 6, e~ {1, -1} .  
For  any such element A, 
0 t 
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(II) Of the forms 
(o 0~t 
Clearly, 
with 6~ {1 , -1} .  
t o ~)3=(o _~ -8 0 8 0)" 
(II I) Of the forms 
One can easily show that 
We have 
where e,8~ {1, -1} .  
(IV) Of the forms 
( 0 Be) with e,8~ {1,-1} --8 
(~ '~)~=( o o) 
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Now, it is easy to see that given x, y, z in SL22~, x 3 + y3 4= Z 3. This 
completes the proof. • 
3. GOLDBACH'S PROBLEM OVER MnY 
Taking A =03,  we see that there is no x, y in MaY such that 
x + y = A and det x = dety  4= 0. But we have the following statement. 
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THEOREM 2. Let  A ~ M, 7/ (n  >1 3) and let p be any  integer• Then there 
are x, y ~ M,7 /  such that  x + y = A and  det  x =( -1 )  n det y =p.  
Proof. We only need to consider the diagonal matrix A (see [2]). Let 
A = diag(a 1, a 2 . . . . .  a,). Taking 
X 
x -aex  0 "" 0 
-1  a z 0 ... 0 
0 -1  a 3 ... 0 






-x  + a 1 a2 x 0 "" 0 -p  
i 0 0 "" 0 0 
0 1 0 "" 0 0 
0 0 0 "" 1 0 
where x ~ 7/, yields the result. 
THEOREM 3. Let  n >~ 3 be an odd  integer  and  let p be any integer.  Then 
fo r  any A ~ Mn7/, there are x, y, z ~ M, 7/ such that  x + y + z = A and  
det x=det  y =det  z =p.  
Proof• As in the proof of Theorem 2, we can assume that A is a diagonal 
matrix. Let A = diag(a 1, a 2 . . . . .  an) .  Take 
X 
a 1 0 0 . . . .  2 
-p  a 2 0 "• 0 
0 1 a 3 .." 0 
0 0 0 "'" an -  1 
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y = 
0 0 0 
p 0 0 
-1  -1  0 
0 0 0 
0 0 0 
, o o  
, , ,  
. ° °  
° o ,  
, ° °  
0 0 0 "" 
0 0 0 "-- 
z= 1 0 0 "- 
0 0 0 --" 
Then the result follows. 
0 1 O' 
0 0 -p  
0 0 0 
-1  0 0 
- I  - i  0 
°1i / 0 0 
0 0 
1 0 ai, 
REMARK. From the referee's report, the author has become aware that 
A. Khazanov independently obtained Theorem 1 and G. Bloy independently 
obtained Theorem 2. 
The author wishes to express his gratitude for helpful comments made by 
the referee, who called the author's attention to References [3] and [4]. 
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